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LOI GIOI THIEU

Giai tich Malliavin lan dau tién duoc Paul Malliavin gigi thiéu vao nhitng nim
1970, 1a nhiing tinh toan vé bién phan ngau nhién vo han chiéu trén khong gian
Wiener, nham muc dich dwa ra chimg minh cho dinh Ii cuia Hérmander cho sy ton
ctia ham mat do tron d6i vai nghiém cua phuong trinh vi phan ngau nhién. Sau do,
phuong phap tinh toan nay tiép tuc duoc nghién ciu, mg rong béi nhiéu nha toan
hoc nhu Malliavin, Shigekawa, Bismut, Ikeda Watanable, David Nualart....Phuong
phap tinh toan Malliavin cling dugc m¢ rong cho cac qua trinh nhay, qua trinh
Markov, qué trinh phan thi. ...véi nhiéu tng dung trong nhiéu linh vyc nhu tai chinh,
y hoc...

Nhu chiing ta da biét, c6 rat nhiéu kho khan trong viéc tim chinh xéac phan phdi
X4&c suat cua nghiém X, trong rat nhiéu phuong trinh vi phan ngau nhién. Vi vay, bai
toan uéc luong va danh gia nghiém 1a bai toan quan trong. Trong nhitng nim gan
day, ung dung cua giai tich Malliavin dé uéc lwong ham mat do va udc luong Xac
suat dudi cua bién ngau nhién da va dang dugc nhiéu nha toan hoc trong va ngoai
nudc quan tdm, chiang han nhu wée lwgng ham mat d6 [1,2,3] va wdce lugng Xac suat
duoi [4,5]. Cung véi ludng nghién ctu d6, bao cao cua toi trinh bay lai mot trong
nhitng ng dung cua dao ham Malliavin trong wdc lugng phan phdi xac suat dudi
P(X,>x), trong d6 X, la nghiém kha vi Malliavin cia phuong trinh vi phan ngau

nhién co ban
X, = Xo+ [ b(s,x,)ds + [ (s, X,)dW,,
1)
trong d6, cac ham b(t,x), o(t, x) :[0,t]x R — R thoa man mot sb diéu kién nhat dinh.
Béo c4o hoc thuat chia 1am ba phan

Phan 1: Trinh bay mét s kién thirc co ban vé giai tich Malliavin.



Phan 2: Trinh bay vé phuwong phap uéc xac suat dudi cua bién ngau nhién st dung
giai tich Malliavin.
Phan 3. Trinh bay ung dung trong uéc luong xac suat dudi cua bién ngau nhién cé

dang nhu trong mo6 hinh (1).



1. Mot sb kién thirc co ban vé giai tich Malliavin
Gid st W,),or; 2 chuyén déng Brown xac dinh trén khdng gian xac suat day du
(Q, F,FF,P), trong 46 F = (), 4011 12 b0 loc ty nhién cua qua trinh W.Cho h e L*[0,T], ta
ki hiéu W (h) la tich phan Weiner

W (h) = [ h(t)dw,

Ham thuc g:[0,T]" — R goi 1a ham ddi xing néu
g(tcrl""’to-n) = g(tl,--.,tn),

Vv6i moi song 4nh o tir tap 1,2,...,n vao chinh nd. Goi L2([0,T]") = L*[0,T]la khéng gian

cac ham Borel binh phuwong kha tich va d6i xing trén [0,T]". Xét tip hop sau

S, ={(t,,-..t,) e[0,TT:0<t, <..<t, |,
Vi S, c6 dién tich bang il dién tich cua hinh hop [0,T]" nén
n!

|| g ||i2([0,T]”): n!v[Sn gz(tli""tn)dtl"'dtn = nIH g ”iZ(Sn) '

Néu f 1a ham thyc trén [0,T]", thi d6i xang hda cia nd xac dinh boi

f(gi""tn)zézf(tal""’tan)’

trong d0, tong duoc lay trén tat ca cac hoan vi cua (1,2,---,n).

2

Giasu f lamotham tatdinhtrén S thoaman || g |1’ o

< o, Khi do, ta dinh nghia tich phan

16 1ap n lan nhu sau

30 =[] &t )W @) dw e, Jow )

O S T
[ I—

Cha'y rang véi mdi i =1,---,n tich phan 1td theo dW (t,) ludn ton tai vi ham lay tich phan
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f(t, -t )dW(t)---dW(t ), t [0,~t_,] lamotqua trinh ngau nhién F — tuong thich

O Gy
O T 5"

va binh phuong kha tich twong ung véoidP x dt. .
Cho g € [*([0,T]"). Pinh nghia tich phan It6 1ap nlan trén [0,T]" nhu sau

1,(9) =]

- g(t,,....t,)dW, ..dW, dW, :=n!J (g).

Pinh li 1.1. Cho & 1a mot bién ngau nhién Z -do dugc trong L?(P). Khi d6 ton tai duy

nhat mot ddy cac ham {f } . trong [*([0,T]") sao cho
&= 1,(f),
n=0

trong d6, su hoi tu xét trong L*(P). Hon nita, ta c6 dang cu sau

2 _ S | 2
|| § |||_2(p)_ ;n'” fn ||L2([0,T]n) '
Biéu dién
=2 1.(f)
n=0

duoc goi 1 khai trién nhidu loan Weiner-Itd cua &.
Vi du 1.1. Tim khai trién Weiner-Itd ciia & =W *(t).
Loi giai.
Theo cbng thic 1t ta cd

J:W(tl)dW ) = %w (t)? —%t.

Suy ra

2[ [ 10w (t)dw (t,) =W2(t) -t



Do d6, khai trién Weiner-Itd cua & 1a
Wz(t) =T +1,().

Cho F e L*(P) la % - do dugc véi khai trién nhiéu loan Wiener-1t6

F=Y1.(f), f,e BOTT), n=12,

n=0
i. Tanoi rang F € D"?néu
2 . < 2
|| F ||HDL2 T ;nn!” fn ||L2([0’T]n)< 0. (2)
ii. NéuF e D*?, ta dinh nghia dao ham Malliavin D,F ctua F tai thoi diém t nhu sau

DF =Y nl,(f,(-).te[0T]

trong do, |, (f,(-t)) latich phanlap boi n—1 cua f,(t,---,t, ,,t) twong Gng vai

n—1 bién dau tién t,,---,t_,vat =t nhu la mot tham sé.

Cha y rang néu (2) dtng thi
2 . T 2 - (72 2
IDF Iy, = E“O (D,F) dt} = [y 02D GO g,

= G0 I gy = F <o

)
Do d6, DF = D,F,t €[0;T] duoc dinh nghia tot nhur 1a phan tir trong L*(P x A). Bién
ngau nhién F duoc goi 1a kha vi Malliavin néu né thuoc 16p D2
Vidu 1.2.
1. &=W?(t) c6 khai trién Weiner-1t6 12 T + 1,(1) nén D& = 21, (1) = 2W (t).
2. &= jOT g(s)dW (s), trong d6 g € L2([0,T]) c6 khai trién Weiner-1t 1a & =1,(g) nén

Dt§ = g(s)



Tinh déng ctia dao ham Malliavin duoc thé hién ¢ dinh 1i sau day

Pinh li 1.2. Giast F e ’(P)va F D" k=12, sao cho:

1. F,— F,k — oo trong L*(P).

2. {D,F}7, hoitutrong L*(PxA).
Khi d6, F e D*2 va D,F, — D,F khi k — oo trong L2(Px A).
Nhu vay, néu goi S 1a tap con tri mat caa L*(P) bao gom nhitng bién ngau nhién c6 dang
F=fW(h_1)W(h_2),., W(h_n)),
trongd6 ne N, f e C’(R"),h,h,,...h e L*[0,T] thi dao ham Malliavin cia F la qua trinh

DF :=D,F,t €[0,T] cho boi

DF =3 W ()W (h,),..w (h)h, (1),

k=1 Xk

Vi dy 1.3. Tinh dao ham Malliavin ciia F = [ h(t)dW,, trong d6 he L%,
Loi gidi.
Pt W (h) = [ h(t)dW, vaxétham f(x) = x. Khido, F = f W (h)).

Suy ra
D.F = f'(W(h))h(t) = h(t).
Ki hieu DY Ia tap tat ca cac bién ngiu nhién F e L?(P) ma khai trién Weiner-1t6 caa n6

chi ¢6 hitu han phan tir. Bé tinh toan dao ham Malliavin thuan loi hon, chiing toi quan tam

dén mot s quy tic co ban sau day
Pinh i 1.3. (Quy tic tich)
Giasir F,F, e D2, Khi do, F,,F, e D**va F,F, € D" voi

Dt(FlFZ) = FlDtFZ + Fth Fl'
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Pinh Ii 1.4. (Quy tac xich)
Cho G e D" va g € C*(R) véi dao ham bi chin. Khi d6 g(G) e D**va
D,9(G)=9g'(G)DG.
Phan chizng minh chi tiét cua cac dinh 1i néu trén ,cd thé tham khao trong [7].
2. Uédc lwgng xac suat dudi cia bién ngiu nhién kha vi Malliavin

Dé uéce lugng xac suat dudi caa bién ngau nhién, chdng tdi sir dung phuong phap dugc néu

trong hai dinh li sau day

Pinh Ii 2.1. Cho Z 1a bién ngau nhién thuoc D*?. Gia sir ton tai hang s6 M thoa man
T
j(D,Z)Zdrs M? hk.n.
0

Khi d6, ta c6 wéc lugng xac suat dudi sau

2

P(|Z |2 x) <2e2™*, x > 0.
Pinh 1i 2.2. Cho Z e D**théa man EZ = 0. Gia sir rang ton tai hang sé M thoa man
T 2 2
jo E[D,F | £]2dr <M? hkan.

Khi do, ta c6 wdc luong

X2

P(F>x)<e 2M* x>0.
Phan chirng minh caa cac Binh Ii 2.1 va Binh Ii 2.2 ¢d thé xem trong [4].
3. Ung dung

Tiép theo, ching t6i sir dung phuong phép néu trong muc 2 dé uée lugng xac suat dudi cho
nghiém caa md hinh (1). O day, ching tdi can gia thiét (A) cho cac hé s6 nhu sau dé

phuong trinh ton tai duy nhat nghiém.



(4;). Céac hé s6 b,o thoa min cac diéu kién Lipschitz va ting truéng tuyén tinh. Tuc 13,
t6n tai cac s6 M, L > 0sao cho
|b(t,X)+o(t,X) <M |x-y]|, VXx,yeR, te[0,T],

va

|b(t,X) F +|o(t,x) < LA+ | x]?), VxeR, te[0,T].
Khi d6, theo Binh 1i 2.2.1 trong [6], phwong trinh (1) ton tai duy nhat nghiém X, kha vi
Malliavin. Hon nira

D,X, =o(r,X,)+ [ (s, X,)D, X ds + [ o’(s, X,)D, X AW,
3

va o'(t,x) = aga(t’ X).
X

ab(t, X)

trong do, ki hiéu b'(t, x) =

Ta c6 udc luong xac suat dudi sau day

Pinh li 3.1. Gia st X, la nghiém cua phuong trinh (1). Gia st thém o (t, x) thoa mén

loll..= sup |o(t, Xx)|<o cung vai cac dao ham riéng b'(t, x),o'(t,x) bi chan véi moi
(t,x)e[0,T xR

xeR, te[0,T]. Khidé, ta co udc luong Xac suat dudi

(x—E[X,])*

P(X, >x)=P(X, —E[X ]=x—-E[X,]) < exp{— 2Cte

},Vx> E[X.].

Chang minh.

Tt tinh chat dang cy Ito, ta co

o

Theo bat dang thirc Cauchy, suy ra

E((J:a’(s,XS)DrXSdWS)Z

o'(s,X,)D, X[

7 Jos,

E(|o .

o'(s, X )D, X[

2
F < :{”a”i " E[(fb'(s, Xs)DrXsds)
8

f,j+iE( }‘r)ds}



Vi tinh bi chian cua b’ va ¢’ nén

E(Iox.[%) <3l +c (DX,

]-"r)ds+CI:E(|DrXS|2

}“,)ds

£3||a||i+CI:E(|DrXS|2

]-"r)ds, 0<r<t.

Chay rang hang sé C & céc vi tri khac nhau cé thé khéac nhau. O day, dé don gian, ching

t6i dung chung maot ki hiéu, nd dai dién cho mét hang sé xac dinh, bi chan.

Tu bd dé Gronwall ta duoc

E(ID X[

F)<3of =7 <cet, 0<r <t

Tir @6 suy ra,

T t
jE(|Drxt|2 ]—j)dr=jE(|DrXt|2 ]—"r)dr <Cte!, 0<t<T.
0 0

Pit Y, = X, —E[X,] ta dwoc E[Y,]=0 vaD,Y, =D, X,. Do dé

[ EIDY,| T <Cte®.

Ap dung Binh 1i 2.2 ta duoc
P(X,2x)=P(X, - E[X,]=x—E[X,]) = P(Y, 2 x—E[X,])

< exp{—%},w > E[X,].

Ta c6 diéu phai chizng minh.

KET LUAN

B4o c40 da trinh bay lai mot sé kién thirc co ban vé giai tich Malliavin ciing
g dung cua giai tich Malliavin trong uéc lwong xac suat dudi caa bién ngau nhién.
Phuong phap udc luong nay déd va dang dugc cac nha toan hoc sir dung, nghién ctu
cho nhiéu md hinh khac nhau vai nhiéu bai toan ma.
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